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DAMENTAL PROBLEM in the theory of molecules and crystals 1s the evaluation of

hic many-center integrals of the type
(abled) = [ ¥,(1)y (1) {e?/r 0¥, (2)¥4(2)dr,dr, , (1)

where the y-functions are normalized atomic orbitals associated with the nuclei a, b,
¢, and d, which in speclal cases also may coincide. Useful approximate formulas for
these integrals have been given intuitively by Sklar1 and by Mullikena, who have

expressed them in terms of overlap 1ntegrals3

Bap = [ ¥a¥pdT = 8,45, (2)

and two-center integrals of the Coulomb type. Recently Ruedenbergu has shown rigor-
ously that the Mulliken formula may be considered as being the firat term in an
infinite expansion of (1).

ADo( g 1¥S

At the Shelter Island Conference, 1951, J. E. Mayer pointed out that charge
densities (expressed in atomic units with e = 1) of the form wa*b'babwae do not give

1'This work was assisted by the Office of Naval Research under Task Order IX of
Contract N6ori-20 with The University of Chicago.

*Permanent address: Institute for Mechanics and Mathematical Pnysics, The University
of Uppsala, Uppsala, Sweden.

1A. L. Sklar, J. Chem. Phys. 7, 984 (1939); A. London, J. Chem. Phys. 13, 396 (1945).

°R. s. Mulliken, J. chim. phys. 46, 497, 675 (1949), see particulariy Eqs. (63) and
(154b).

3the the difterent meaninis of the symbol S in papers by different authors; we have
alweys used this notation for the deviation from normality and orthogonality for a
gset of functions, and, for a = b, we have therefore Saa = 0,

uK. Ruedenberg, J. Zhem. Phys. 19, 1433 (1951).
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MANY-CENTER INTEQRALS
&ny contribution to the total charge and that these "quasi-dipoles" may be used in the
interpretation of the energy expressions. The purpcse of this note 1is to show that it
1s possible to use quantities of a similar type for deriving a generalization of the
Sklar-Mulliken formulas.

For the sake of simplicity, let us assume that the charge distribution VoV, has a
"ocenter of gravity" T, which is situated on the line connecting the nuclei a and b
with respective distances o and B from them, and that similarly wcwd has & center Tt
on the line connecting ¢ and d with the distances y and & from them. We will then
determine the.ooefricienta in the expression kawa2+xbwb2 from the condition that this
quantity should have the same total charge and total moment as the density wawb’ which

glven
A = Bgy(l4a/B)™, A = A (148/0)7? (3)

with»Aab a Aba' In comparison to Mayer's idea this means that we are here considering
& quantity ¥ ¥y, -A.¥,?-3 ¥,? which does not contrivute to the total charge, nor to the
total moment. Neglecting the influence of higher moments, we obtain the approximate |

formula
Va¥p © ka'paa"'hbwba,’ ‘ (4)‘
and similarly
YoV ™ AV trgla® - (5)
Substituting these expressioﬁs into (1), we get finally
(abf;d) n xaxc(aaloc)+xaxd(aaldd)+xbkc(bb|co)+xbxd(bb|dd) . (6)

Hence it is possible to evaluate the many-center integral (1) approximately in terms
of the overlap integrals Aab and Acd’ the quotients a/B and v/8, and the Coulomb
integrals.

For symmetrical charge distributions with a = B and y = & the right-hand side of
(6) will reduce to the Mulliken formula. However, in the case of unsymmetrical charge
distridbutions, as for instance in ionic crystals, formula (6) scome to be an essential

improvement of the previous one, and, in such a case, 1t probakly alsc indicates a

5gee also @. L. Montet, $. P. Keller, and J, E. Mayer, J. Chem. Phys. 20, 1057
(1952), and Keller's and Montet's Ph. D. Theses (The University of Chicago).
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method of improving the convergence of the Ruedenberg procedure by using unsymmetrical
multiiplication factors.

In order tc derive the Sklar formula, we obserQa that the guantitles AabWTa and
AcdwTie have the same total charge and the same total moment as the given distributicns
Va¥y and wcwd, rispectively. Neglecting higher moments, we get therefore

wawb ® Aa.bw'r2 ’ wowd . AchTlg ' (7)

Here wT and wT, are atomic ortitals assoclated with the centers of gravity T and T,
respectively, which have to be chosen in a suitable wayl. Substitution of (6) into
(1) gives then the approximate formula

(ablcd) - AabAod (TT|TrTY) , ' (8)

which iB essentially the Sklar formula. By combining the forms of (4) and (7), a
still better result may aometimes be obtained by usging a three-parameter formula and
& third condition related to one of the higher momeénts.

The effect of the highen moments in general and the correction terms in (6) and
(8) may be found by cumparinguthese formulas with the exact expressions derived in
another uays. However, a direc£ comparison with the numerical values of the integral
(1) in special oages préviousiy'obtained by na’l for some alkall and alkali metals and
with Lundqvist'sa materlal for LiH shows that formulas (6) and (B) in most cases have
& surprisingly high accuracy, ﬁut also that there exist exceptional integrals of
certain degenerate types whidﬁ are better treated by more direct methods,

Formulas (6) and (8) are intended for use, g.g., in the MO-LCAO method based on
ordinary atomic orbitals (A0). If the holecular orbitals instead are built up from
orthonormalized Aog, the use of (4) and (5) for the ordinary AO will lead to results
which are related to those recently intuitively given by Pairlo.

®s. 0. Lundqvist and P.-0. Liwdin, Arkiv Fysik 3, 147 (1951).

TSee P.-0. Lowdin, J. Chem. Phya. 18, 365 (1950), 19, 1579 (1951) and references in
these popore.

8S. 0. Lundqvist, private communication.

9p.-0. Lowdin, J. Chem. Phys. 18, 365 (1950).

1Ck, g. Parr, J. Chem. Phys. 20, 1499 (1952).
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MANY-CENTER INTEGRALS

Finally, we wlsh to remark that the authoris expreaaions11 for the total and
cohesive energies for the ground state of a molecule or crystal having its total wave
funotion approximated by a single determinant may be essentially simplified by using
formula (6) and by summing the contributions from all matrix elements constituting the
coefficlents of the remaining Coulomdb integrals; in this process it is even possible
to treat the degenerate integrals separately. More detalls will be given in a survey
of the various methods of evalugtihg many-center 1ntégrals to be published elsewhere.

I would like to express my sincere gratitude to Professor R. S, Mulliken for many

valuable discussions and f'or his great hespitality during my stay in Chicago.

3lp 0. Lowdin, J. Chem. Phys. 19, 1570 (1951), Egs. (33) and (51).
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